Abstract: We present a new and simple method for the identification of a single transfer function that is embedded in a dynamical network. In existing methods the consistent identification of the desired transfer function relies on the positive definiteness of the spectral density matrix of the vector of all node signals, and it typically requires knowledge of the topology of the whole network. The positivity condition is on the internal signals and therefore can not be guaranteed a priori; in addition it is far from necessary. The new method of this paper provides simple conditions on which nodes to excite and which nodes to measure in order to produce a consistent estimate of the desired transfer function. Just as importantly, it requires knowledge of the local topology only.
INTRODUCTION
The present paper is devoted to the identification of a particular transfer function (also called module or edge) within a network. This problem is far from trivial because the interconnection structure creates feedback loops, which may (and quite often do) lead to the module of interest becoming unidentifiable from available signals.
A number of recent papers have addressed the problem of identification of a specific module embedded within a dynamical network Dankers et al. (2016) ; Everitt et al. (2017) ; Gevers and Bazanella (2015) ; Van den Hof et al. (2013) . In Dankers et al. (2016) ; Van den Hof et al. (2013) the focus has been on the identifiability of the desired transfer function, and on the question of which subset of node measurements will yield such identifiability. The assumption is made in these papers that the vector consisting of all the node signals in the network is informative, and this assumption is crucial for the consistent estimation of the desired transfer function. This is a strong persistence of excitation condition, which is sufficient to identify the whole network, but which is far from necessary for the identification of a single module. Moreover, it is an assumption on the internal signals rather than on the external excitation, which makes it difficult to enforce.
The question as to how to guarantee that the vector of node signals is informative by appropriately choosing the externally applied signals is an experiment design problem. This problem was first approached in Gevers and This work is supported by the Program Science Without Borders, CNPq -Conselho Nacional de Desenvolvimento Científico e Tecnológico, Brazil, by the Belgian Programme on Interuniversity Attraction Poles, initiated by the Belgian Federal Science Policy Office, and by Wallonie-Bruxelles International. Bazanella (2015) , where it was illustrated on a simple 3-node network. It was shown in that paper that the choice of informative external signals that would lead to consistent identifiability of the desired transfer function depends both on the network topology and on the chosen identification method. A framework, based on Gevers et al. (2009) , was proposed to determine which external signals need to be applied in order to make the vector of node signals informative.
In Everitt et al. (2017) a new approach has been proposed for the identification of a single module. Unlike the methods presented in Dankers et al. (2016) this new approach uses all external excitation signals that enter the network. Denoting G ji the desired transfer function to be identified, then Everitt et al. (2017) propose a two-step procedure, one of which consists of identifiying all transfers from all external signals to all the nodes that have a direct link to node j.
All results cited above, that deal with the identification of a single module embedded within a dynamical network, require knowledge of the topology of the whole network. In this paper we present a completely different and very simple method which requires only local information about the topology. More precisely, if the module to be identified is G ji , then the only topological information that is required for our new method is to know either to which nodes node i connects (i.e. which nodes k are such that G ki = 0), or which nodes connect to j (i.e. which nodes k are such that G jk = 0).
Let us summarize this introduction as follows. The consistent identification of a specific module G ji (q) contains both an experiment design aspect and a computational aspect. These can be summarized in the following three problems:
• which nodes should be excited?
• which nodes should be measured?
• how to estimateĜ ji (q) from these signals?
The new method proposed in this paper solves all three problems at once. In addition, the method requires only local knowledge of the topology of the network, namely either the existence of the edges leaving node i, or the existence of the edges entering node j.
The paper is organized as follows. The problem is stated in section 2. In section 3 we present the standard direct Prediction Error Method (PEM) that rewrites the network as a closed-loop system and then estimates the desired G ji by identifying all nonzero G jk that appear in the same row as G ji . In section 4 we apply this direct method to a 20-node network in order to illustrate the difficulty in arriving at excitation scenarii that yield a consistent estimate. We present the new method in section 5, and we return to the case study in section 6 to illustrate its simplicity and effectiveness.
PROBLEM STATEMENT
We adopt the network structure of Gevers et al. (2017) , in which the outputs of the nodes are denoted {w 1 (t), . . . , w L (t)} and are related to each other and to the external excitation signals r j (t), j = 1, . . . , L and the noise signals v j (t), j = 1, . . . , L by the following network equations:
. . .
(1) where q −1 is the delay operator and the superscript 0 denotes the real value of a quantity. The matrix G 0 (q) will be called the network matrix and equation (1) the network model, and we will often omit the dependence on t and on q whenever it does not create ambiguity. We assume that the network model has the properties specified in Assumption 1 below. Assumption 1. The network model (1) has the following properties:
(1) all the transfer functions G 0 ij (q) are proper (2) there is a delay in every loop going from any w j (t) to itself (3) the stochastic processes v i (t) are stationary, zero mean and mutually independent: E[v j (t)v k (s)] = 0 ∀t, s ∈ for all j = k. (4) the external excitation signals r i (t) are quasi-stationary and uncorrelated with all noise signals v j (t) (5) the network is internally stable.
In this paper we consider the problem of identifying a particular transfer function, say G 0 ji (q), from measured node signals w k (t) and measured excitation signals r l (t).
BACKGROUND -THE DIRECT METHOD
Perhaps the most natural approach towards the identification of a single transfer function G ji 1 in a network is to estimate it from the scalar equation of (1) in which it appears, based on the signals that appear in that equation. This corresponds to a closed-loop identification problem for a Multiple Input Single Output (MISO) feedback system with L − 1 inputs and one output, namely w j . Let us take, without loss of generality and to ease notation, j = 1 and i = 2, so that G 12 is the desired transfer function.
We split up the vector w into
T . Correspondingly, we split up the matrix G 0 (q) into the 4-block matrix
which we denote as
We can now rewrite the initial network model (1) as a MISO feedback system as follows. First we rewrite (1) as
Next we rewrite (5) in the traditional form of a MISO feedback system:
We observe that, if the objective is to identify G 0 12 (q), then it is natural to do so by identifyingG 0 1 (q) (of which G 0 12 (q) is the first element) directly from the scalar equation (6), by using the prediction error method. This problem setting is not the most realistic in large scale networks. Large scale networks tend to be highly sparse, meaning that most elements ofG 0 1 (q) are known to be zero. With this knowledge, then the identification can proceed as described before but identifying only those elements that are known to be nonzero.
Let us define some notation in order to take advantage of the sparsity of the network. If (and only if) G ik is nonzero then node i is said to be an out-neighbour of node k; similarly, node k is said to be an in-neighbour of node i. Observe that the in-neighbours of a node i correspond to the nonzero elements of the i-th line of the network matrix G 0 ; similarly, the out-neighbours of node k correspond to the nonzero elements of the k-th column of G 0 . The set of in-neighbours of node i is denoted N − i and the set of outneighbours of node k is denoted N + k , their cardinalities being d − i and d + k , respectively. With these definitions one can then write, in lieu of (7):
Define further the vector containing the node signals of the in-neighbours of node 1, with dimension d
T where l1, . . . , ld − 1 are the indices corresponding to the inneighbours of node 1, and the corresponding partition of the vectorG 1 in (6):
This is the vector of the nonzero transfer functions in (7). Equation (6) can then be rewritten as
(10) Next, let us define parametrized model structures G 1k (q, θ) for each one of the transfer functions in the vector G − 1 (q), corresponding to a parametrized G − 1 (q, θ), and a model structure H 1 (q, θ) for the noise v 1 (t) = H 0 1 (q)e 1 (t) where e 1 (t) is a stationary zero-mean white noise process. Prediction error identification then proceeds by defining the predictor:
and minimizing the energy of the prediction error:
This direct application of prediction error identification to the network model has become known as the direct method in recent literature. The following theorem from Van den Hof et al. (2013) gives sufficient conditions for the direct method to succeed in providing consistent estimates. Theorem 3.1. Consider a dynamic network (6) satisfying Assumption 1 and the identification of the first row of the network matrix by the direct method described above. The estimate obtained for G − 1 (q) is consistent if the following two conditions are satisfied:
The problem in the direct method, and also in other known methods as described in Van den Hof et al. (2013) is condition 2 of the above theorem: it is a condition on internal signals w i (t). What is required for a proper experiment design are conditions on the external signalsr i (t) and v i (t) -that will enforce condition 2; this issue is, however, not solved in the direct method 2 .
2 Actually it is mentioned as an open question in the last sentence of Van den Hof et al. (2013) .
This problem of transfer of excitation from the external signals to the regressor used in the identification has been solved for SISO systems in Gevers et al. (2009) , where necessary and sufficient conditions on the richness of the external excitation signals for closed-loop systems have been given. Although those tools can also be used in the analysis of MISO problems, as illustrated in Gevers and Bazanella (2015) , no general results exist and, much more importantly, the analysis requires knowledge of the whole network.
A case study in the next section illustrates the difficulties in this experiment design problem.
A MOTIVATING CASE STUDY
Consider a network with L = 20 nodes, of which we want to identify the transfer function G 34 (q). The real network has the graph presented in Figure 1 and the real transfer function is G In order to apply the direct method, we need to know what are the in-neighbours of node 3; these are nodes 2, 4, 5 and 9. With these we form the regressor
We take an Output-Error-like model structure, with H 3 (q, θ) = H 3 (q) = 1 and full-order models for the transfer functions to be identified -the desired G 34 plus G 32 , G 35 and G 39 . Then we apply the direct method with data collected from the real system under 18 different excitation scenarii: see Table 1 . Each scenario consists of the excitation of a selected number of r i signals with a persistently exciting signal -stationary zero-mean white noise with unit variance. In each scenario, one thousand Monte-Carlo runs are performed, with ten thousand data in each run.
The average values obtained for the parameters in eighteen different excitation scenarii are given in In the first scenario, all r i 's are excited, which guarantees that the regressor vector w − 3 will have full-rank spectrum. The result of the MC runs in the space of G 34 parameters is given in Figure 2 . It is important to note that the scales of the top and bottom plots are widely different. It is seen from this Figure, as well as from Table 2 , that consistent estimation is obtained, as expected. But exciting all inputs in order to identify a single transfer function is obviously far from necessary and, most importantly, far from feasible in a large network. In fact, exciting a single input may be sufficient. We first try exciting only the node which is the input to the desired transfer function, i.e. node 4, but it does not result in an informative experiment as can be seen both by the average values in Table 2 and in Figure 3 : consistency is not achieved and the variance tends to infinity. Exciting only r 5 (scenario 5 in Table 2 ) proves to be enough, as can be seen in Figure 3 , but other "closeby" excitation scenarii, i.e. exciting neighbors of the nodes 3 and 4 involved in the desired transfer function G 34 do not work either. On the other hand, exciting "far away" nodes, like in scenario 17, does provide consistent estimation. In Gevers and Bazanella (2015) we have shown that, to obtain an excitation scenario for the direct method that yields informative data, may require knowledge of the whole network even though only a single transfer function is to be identified. 
THE NEW METHOD
In this Section we present a simple method which solves both the problem of transfer of excitation and that of measurement selection. In other words, with this method we know a priori which inputs must be excited in order to obtain an informative experiment and which nodes need be measured, using only local information about the network's topology.
The method is based on the input-output description of the system, which is obtained by rewriting it in a form that relates directly the external inputs r, the disturbances v and the outputs w:
where
The description (14) will be called the input-output (I/O) model of the network. It is well known that one can obtain a consistent estimateT (q) of T 0 (q) from {w, r} data; this is an open loop MIMO identification problem.
Suppose we have an estimateT (q) of T 0 ; then an estimatê G of G 0 can be obtained by solving either one of the following two equations forĜ(q), each one being a set of L 2 linear equations:
If only one particular transfer function in G 0 is desired, then it can be obtained by solving a subset of these equations; this rationale is the basis of our method. To describe the method, we introduce some notations that are specific to the identification of the transfer function G ji . For simplicity, we also refer to the identification of an edge of the network to refer to the identification of its transfer function. Notations:
,i (q) = column vector of the out-going edges of i
(q) = submatrix of T (q) made up of its rows and columns in N + i .
• E i = i-th column of the identity matrix.
Consider the network (1) and assume that it is desired to only identify a specific transfer function G ji . is obtained bŷ
Proof: First note that identification of T
is an open-loop identification problem which, under the specified experimental conditions and with full order models for the elements of these matrices, provides consistent estimates. Now, consider the system of equations
where it is desired to compute G ji (q) from T (q). The desired G ji appears only in a subset of these equations, its computation resting entirely on the solution of the ith column of (19). In the i-th column of I − G, the only nonzero elements are: the desired G ji , the 1 at position (i, i), and the G ki corresponding to the remaining d + i outneighbors of i. As a result, the columns of T corresponding to the zero elements of the i-th column of G do not contribute to the computation of G ji using (19). It follows that these columns need not be identified and, therefore, the corresponding r k are not required. Stated otherwise, for the identification of G 0 ji , it is only required to excite node i and its d + i out-neighbors. To compute G ji we compute the i-th column of (I − G), of which G ji is an element. From (19), we thus get
Now let C be a selector matrix that selects the rows of T that are in the set N 
from which the result (18) kl that need to be identified is d
is the number of outneighbors of the input node i of the desired G ji . What is most important is that the theorem completely solves both the informativity and the identifiability questions for the identification of a single embedded module, namely which nodes need to be excited and which nodes need to be measured, in addition to providing a computational method for the estimation of G ji . Moreover, this solution requires only local information about the network's topology, namely what nodes are the out-neighbors of node i.
In the same spirit, we can derive a dual method by manipulating equation (17) instead of (16). In this case only the j-th equation is relevant and we get:
(23) Taking a selector matrix C that selects the columns of T that correspond to the in-neighbors of j yields:
because the j-th line of C is zero. Since (I −G) j: contains a 1 in position j and nonzero elements only in the positions corresponding to N − j , the last equation is equivalent with
and we have proven the following result. 
THE CASE STUDY REVISITED
Let us now apply our method to the identification of G 34 (q) in our 20-node case study of section 4. It is seen in the graph that node 4 has 3 out-neighbors, i.e. d and the three transfer functions in the vector T N + 4 ,4 . We have performed blackbox identification of order six models for these twelve transfer functions by the instrumental variable method in MatLab's identification toolbox. The actual transfer functions T 0 kl are of very large order, but models of order six were enough to get a fit above 99%. The identified transfer functions are in the form
1 + a 1 z −1 + a 2 z −2 + a 3 z −3 + a 4 z −4 + a 5 z −5 + a 6 z −6 and their identified parameters are given below, with eight significant digits.
Some of the estimated transfer functions had unstable states that were removed. This was accomplished by determining the balanced state space realization of the unstable transfer function with the dbalreal command from MATLAB, which also returns the vector containing the diagonal of the observability/controllability matrix. States that the corresponded to Inf values on this vector were removed with the command dmodred. (25), of which the desired transfer function G 34 is one of the elements. In so doing, a transfer function of order 62 was obtained for G 34 . We then proceeded with H 2 order reduction using the knowledge about the model class of the actual transfer function, which is of the form G 34 (q, θ) = a 1 q −1 + a 2 q −2 . The parameters ofĜ 34 (q, θ) were estimated by calculatinĝ G N + 4 ,4 through the Equation (18), on 100 frequency points between e j0 and e j2π , thenâ 1 andâ 2 were estimated via the least squares method. The following estimates were obtained:â 1 = −0.2992 andâ 2 = 0.7979, which confirms the efficiency of our new method. All details about this case study will be provided in the ArXiv version of this paper.
CONCLUSIONS
The direct method for the identification of a module in a network is well known and easy to apply if informative data are available. However, as we have illustrated through a 20-node example, there is no practical way to design an informative experiment for this method. Though the excitation requirements vary for different methods and for different input selections, they all suffer from this limitation.
We have presented an identification method for which the design of informative experiments is obviated. It consists in performing the identification of part of the network's input-output model and then recovering the desired module from these identified transfer functions. Because identification of the I-O model is an open loop identification problem, it is clear which are the inputs that must be excited and the critical issue becomes to determine what is the smallest set of I-O transfer functions that must be estimated in order to be able to uniquely recover the desired module. We have shown that this smallest set depends strictly on the network's local topology -that is, on what are the neighbours of nodes i and j -and we have provided two choices for it, one involving the in-neighbors of the end node of the desired module, and another one the out-neighbors of its source node.
We have illustrated our method by a successful application to the 20-node example. Gevers, M., and Bazanella, A. (2017) .
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Appendix A. THE 20X20 MATRIX
The matrix G 0 (q): The transfer functions are described below:
